LOOP SPACE HOMOLOGY OF SOME HOMOGENEOUS SPACES
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ABSTRACT. Let X be a simply-connected compact oriented manifold of dimen-
sion m. We show that the Gerstenhaber structure of the loop space homology
H..(map(S", X),Q) can be computed in terms of derivations on the minimal Sul-
livan model of X. The technique is applied to compute brackets in the loop space
homology of homogeneous spaces.loop space homology.
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1. INTRODUCTION

Let A = @&,>0A" be a commutative graded algebra over a commutative ring k
and M a Z-graded A-module. The A-tensor algebra T4(M) is defined by Ty (M) =
®i>0TK (M), where

TE(M) =M@ M@y --- @, M (k> 1 factors) and T} (M) = A.

The exterior algebra A4 M is the commutative graded algebra obtained as the quo-
tient of T4 (M) by the ideal generated by elements of the form x®@y — (—1)MPly@x,
where x,y € Ty(M). The exterior product induces a graded commutative algebra
structure on AgM.

Let Z = &®;Z; be a Z-graded free k-module. There is a canonical isomorphism
of commutative graded algebras

0:MARZ) > AR NLZ.

We assume that (A,d) is a differential graded algebra with a differential d : A" —
A" and A®Z is an (A, d)-differential graded module, then (A4(A ® Z),d) and
(A® AZ,d) are endowed with canonical differential graded algebra structures and
¢ becomes a homomorphism of differential graded algebras.

A derivation 6 of degree r is a linear mapping A" — A"" such that 6(ab) =
68(a)b+ (—1)""ad(b). Let .Z; denote the vector space of all derivations of degree
i and £ = @;.%;. With the commutator bracket .#’ becomes a graded Lie algebra.
Using the grading convention A” = A_,, we may regard a derivation of degree r as
increasing the lower degree by r. There is a differential § : .£), — %, defined by
06 =1d,0].
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Moreover . is a differential graded A-module with the action (a0)(x) = a6 (x).
If A= AV, we show that DerA = A ® V¥, where V¥ is the graded dual of V
(Lemma 3). With the above grading convention V# = @;>1(V¥); is positively
graded.

On L = 57!, we define a bracket of degree 1 by {,B} = s~ ![sa,sB] and
a differential §'(at) = —{d’,a}, where d’ = s~'d € L_,. We extend the bracket
to ML=A®L®ANL® ... by {a,b} =0 for a,b € AJL = A, and {a,a} =
— (=Dl (sa)(a) for o € L. Tt is extended inductively on /\sz by forcing the
Leibniz rule

(1) {aaﬁ/\’}/}:{aaﬁ}/\’y—i_(_])(‘a‘Jrl)'mﬁA{avy}
Hence for oy, B; in L,
(2)

{og A=Ay, BL A~ ABL} :Z(—l)sijal/\'"OA‘i/\(Xm/\{aiaBj}/\'“/\ﬁj/\"'ﬁm
i,j

where “means omitted and &; = Y-, |0x||ai| + X< ;|Bx|[B;|. The above bracket

(called Nijenhuis-Schouten bracket) turns A4L into a Gerstenhaber algebra. See

[15, §2] for instance.

The differential 8’ extends into an algebra differential dy on A4L by the same
rule, that is, doot = —{d’, a}, for & € A4L. It comes from the Leibniz rule (1) that
dp is a derivation. Moreover the Jacobi identity ensures that dy is compatible with
the bracket. Hence (A4L,dy) becomes a differential graded Gerstenhaber algebra.

Let A = (AV,d) be a Sullivan algebra and Z = s~'V*. In the same way one
extends the bracket and the differential of L = A ® Z to A ® AZ. The main result
states.

Theorem 1. Let A = (AV,d) be a Sullivan algebra over a field k of characteristic
0, where V = ®;>1V' and L the desuspension of . = Der AV with the desuspended
differential and Z = s~'V*. Then ¢ : (AsL,do) — (A ® AZ,D) extends to an iso-
morphism of differential graded Gerstenhaber algebras.

Let A be the kernel of the augmentation € : A — k. We denote by C*(A;A) =
Hom(T (sA),A) (resp. HH*(A;A)) the Hochschild complex (resp. cohomology) of
the cochain algebra A with coefficients in A [13]. We recall the following result
which is a combination of Theorems B and C in [12].

Theorem 2. If A = (AV,d) is a Sullivan algebra, then there is a mapping ¢ :
(AaL,dy) — C*(A;A) which induces an isomorphism of graded Gerstenhaber al-
gebras in homology.

Note that ¢ does not induce a bijective map in homology if A is not a Sullivan
algebra [2, Theorem 6.2].
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By combining Theorems 1 and 2, we get an easy method to compute the Ger-
stenhaber bracket on HH*(A;A), when A is a Sullivan algebra.

2. LIE ALGEBRA OF DERIVATIONS OVER A SULLIVAN ALGEBRA

From now on k is a field of characteristic 0. We will rely on Sullivan models
theory in rational homotopy, of which details can be found in [17, 19, 7]. A Sul-
livan algebra is a commutative differential graded algebra (cdga for short) of the
form (AV,d), where V = J;~oV (k), and V(0) C V(1)..., such that dV(0) = 0 and
dv (k) C AV (k—1). It is called minimal if dV C AZ2V.

If (A,d) is a cdga of which the cohomology is connected and finite in each de-
gree, then there is a Sullivan algebra (AV,d) equipped with a quasi-isomorphism
(AV,d) — (A,d). For each simply connected space, Sullivan defines a cdga Apz,(X)
that uniquely determines the rational homotopy type of X [17]. A Sullivan (min-
imal) model of a simply connected space X is a Sullivan (minimal) model of

APL(X>.

Let A = (AV,d) be the Sullivan minimal model of a simply connected space X.
We assume that each V' is a finite dimensional vector space.

Let .2 = Der AV. With the grading A_, = A", if § € %, and a € A’, then a8 €
Z—i. Moreover, if 8,0’ € ¥ and a € A, then

[6,a6')(x) = 6(ab’(x))+ (—1)/?1l*¥l(a6") (6 (x))
= 6(a)0'(x)+ (—1)/lla(06") (x) + (—1)/14%"la(6'6) (x)
= 0(a)0'(x) + (—1)%llel a0, 0')(x).
Hence
3) [6,a6") = 6(a)6’ + (—1)I%l4l4[0, 0.

Lemma 3. Let (v;)ic; be a homogeneous linear basis of V and, for i € I, let 6; be
the derivation of \V uniquely determined by
oy SO i#],
0i(vj) = { 1 ifi=j.
The graded NV -module £ = Der AV is freely generated by the derivations 6; (i €
I).

Proof. Let us denote by V* the graded dual of V. The restriction of each 6; to V is
an element of V¥ of upper degree —|v;|. Thus we have an isomorphism of graded
AV-modules

Der AV = Hom(V,AV) 2 (AV) @ V#

The derivation 6; will be denoted by (v;, 1).

However H.(.Z) is not a free H*(AV,d)-module as in the following example.
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Example 4. Consider the commutative differential graded algebra A(x2,ys), with
dxy =0, dys = x2 As an A-module, . is spanned by {0, 05} where 0 = (x2,1)
and o5 = (ys,1). Moreover §ais = 0 and §ap = —3x3as. Therefore [x3][os] = 0 in
H.(Z).

Proof of Theorem 1. The isomorphism Der AV = (AV) ® V* extends to an iso-
morphism of graded algebras

@ : Ays LH(DerAV) =2 Apys LAV @V 2 AV @ A(s7IVH)
The next two lemmas will complete the proof.
Lemma 5. The map @ is compatible with brackets.

Proof. We consider o, 1,3, € s~ (Der AV).

o({a,BiB}) =o{o,Bi}B2)+ (=) DIBilo(B {a, Br})
= o({o, B} o(B2) + (=) DBl (B o({ar, B2})
={o(a),0(B1)}o(B) + (1) DIBlo(B){p(a), o(B2)}
={o(a),o(B1)o(B2)}
={o(a),9(Bi1p2)}-

By an induction argument, one deduces that ¢ respects the brackets. U

Lemma 6. The map ¢ : (Aays~ ! (DerAV),dy) — (AV @ A(s~'V¥), D) commutes
with differentials.

Proof. The differential D on AV ® A(s~!'V#) is defined by Do = —{¢@(d'),a},
where d' = s7'd. As @ is compatible with brackets, we deduce that

p(da) = —p({d',a}) = —{o(d), p(a)} = D(p(a)).

Hence ¢ commutes with differentials. ([

Remark 7. Let Z = s~'V#. The AV-module (A\V ® AZ,D) is the “dual” of the
Sullivan model of LX described by Sullivan and Vigué-Poirrier [20]. However
the former carries the Gerstenhaber structure of the free loop space homology as
developed in the sequel.

3. THE FREE LOOP SPACE HOMOLOGY SPECTRAL SEQUENCE

We apply the above result in the computation of the free loop space homology.
Let X be a closed oriented manifold of dimension m and LX = map(S',X) the
space of free loops on X. The loop homology of X is the homology of LX with a
shift of degrees, H.. (LX) = H,.1+,»(LX ) and an associative and graded commutative
product

pH, (LX) @ Hy (LX) — Hpp g (LX)
called loop product [3]. When coefficients are taken in a field there is an isomor-
phism of graded vector spaces [14]

HH.(C*X;C*X) =2 H*(LX)
which dualizes in

HH*(C*X;C.X) = H,(LX).
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If k is of characteristic O and X is simply connected, there is an isomorphism of
Gerstenhaber algebras [10, 11, 9]

@ : H, (LX) — HH*(C*X;C*X).

Moreover given a Sullivan minimal model A = (AV,d) of X, one has an isomor-
phism of Gerstenhaber algebras [8, Proposition 3.3]

HH*(A;A) 2 HH*(C*X;C*X).
Hence we have isomorphisms of Gerstenhaber algebras
H.,(LX,Q) —> HH*(A;A) <— H,(AL,do) —— H,(\V ® AZ,d),

where L = s~ !(Der AV). In this section we describe a spectral sequence of AV ®
AZ that simplifies the computation of H, (LX,Q) in some cases.

We recall the following definitions [1, 6].

Definition 8. Let (A,d) be a differential graded algebra. A differential graded
module (M,d) over (A,d) is called free if it is free as an A-module and the basis is
made up of cycles.

For instance, if A = (AV,d) is a Sullivan algebra then .¥ = Der(AV,d) is not
necessarily free as a differential graded module, although it is free as an A-module (Lemma 3).

Definition 9. A differential (A,d)-module (M,d) is called semifree if there is a
filtration FpM C F{M C --- C M such that each F;M /(F;_;M) is free on a basis of
cycles.

If X is an n-stage Postnikov tower, then X admits a Sullivan algebra of the form
(AV1&®---8V,),d), where dV; =0and dV; C A(V @ --- B V).

Proposition 10. Under the assumptions above, £ = Der(AV,d) is semifree over
(AV,d).

Proof. Define a filtration on the Lie algebra of derivations as follows.
F,2={0cZ:0Vu®---®V,—p_1)=0}.

We get a filtration 0 C .Y C .Y C --- C F,_ %X C F,.¢ = £. For instance if
Vi =<Vnl,...,Vnk > then Fp.¥ = 79 is spanned by {60,1,...,60k} where 6y ; =
(Vn,ir1). Assume V,_j =< Vv,_11,...,Vp—1; >, then .2 /F.Z = Z! is spanned
by derivations {6y 1,...,601;} where 8; ; = (v,_1j,1). Moreover 6Z! C (AV)®
7% = R.%. In general, F.Z /F,_1. = Z* is spanned by derivations {6k1,...,}
where 6y ; = (v,_;,1) and 8Z% C (A\V)® (Z°@---@ZF1). This defines a semifree
filtration of .%, hence (%, 8) is a semifree differential module over (AV,d). [

It comes from the definition that [F,.Z,F,.%| C F,.Z, where r = max{p,q}.
Hence [F,.Z ,F,.Z] C Fy4Z. The filtration induces a spectral sequence of dif-
ferential Lie algebras such that E,?L* =FpL)Fp 1 L ZARZ™ anddy =ds @ 1.
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Hence E,, , = H(A) © Z". The E'-term, together with differentials, yields

d, di

1
————E],

El

n—1%"

1

HA) oz — L HA ez L HA) 020,

1
En7*

In particular if (AV,d) = (A(Vo ®V1),d) with dVp = 0 and dV; C AV, then the
above spectral sequence collapses at E>-level.

Example 11. Consider the cdga (A(x,y),d) with |x| =2, |y| = 5 and dy = x*. Here
H = (Ax)/(x*) and Z° (resp. Z') is spanned by zo = (y,1) (resp. z1 = (x,1)).
Hence E' = H® Z. Moreover djzo = 0, d1z; = x°z¢ and d, (xz1) = 0. Therefore
the E2-term is spanned by {ZO,xz(),le,xzzl} as a vector space. We note that xz;
and x?z; are of respective degrees 0 and —2.

More generally, let X be a 2-stage Postnikov tower of which the Sullivan min-
imal model is given by (A(Vo @ V}),d) where Vy is even, Vi odd, dV, C AV
and H*(A(Vo @& V1),d) = AVp/(dVy). If X verifies the Halperin conjecture, then
H,(Der AV) is concentrated in odd degrees [16], that is, d; : HR Z' - H®Z" is
injective in positive degrees, or equivalently, kerd; is concentrated in non positive
degrees.

Let X be a simply connected compact oriented m-manifold of which 7, (X) ® Q
is finite dimensional. Then X is a n-stage Postnikov tower and its Sullivan minimal
model is given by A = (A(Vo @ ---®V,),d), where dV; C A(Vo @ ---DV;_1). Let
Z=s"'V#and ZF = s_lVrfik. We define a filtration on AQ ANZ by F), =A® NZ'®
- ®ZP7Y). As F,F, C F,, where r = max{p,q}, hence F,F, C F,,. Moreover
{F,,F;} C F;, where s = max{p, ¢}, therefore {F},, F;} C Fp,,.

This filtration yields a spectral sequence of Gerstenhaber algebras for which
E' = H*(A) ® AZ and which converges to H,(A® NZ,d) = H,(LX,Q).

Proposition 12. If n.(X) ® Q is finite dimensional, then sH,(LX,Q) contains an
abelian polynomial sub Lie algebra.

Proof. Let A = (AV,d) be the Sullivan minimal model of X. Consider the above
filtration of AV @ AZ for X. As dZ° =0 and dZ C AT ® Z, then AZ° C H.(A®
AZ). As m.(X)®Q is finite dimensional, then Z° contains a subspace spanned
by {ai,...,04}, and the suspension of each ¢ corresponds to a non zero rational
Gottlieb element of X. As X is a finite dimensional manifold, each ¢; is even [5].
Moreover {;, aj} = 0, hence the suspension of A0, ..., 04) is an abelian sub Lie
algebra. ([

4. COMPUTATIONS FOR HOMOGENEOUS SPACES

In [18] Tamanoi determines among other things the Lie bracket of the integral

free loop space homology of complex Stiefel manifolds. We restrict here to the
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computation of the rational free loop space homology of a simply connected ho-
mogeneous space X. In this case the Sullivan minimal model of X is of the form
A= (A(x1,...,Xn,)1,---,Ym),d) where |x;| is even, |y;| is odd, dx; = 0 and dy; =
fi € A(x1,...,x,). The differential d; on H*(A) ® AZ can be made explicit. As Z°
and Z! are spanned by {s~!(y;,1),1 < j<m} and {s !(x;,1),1 < i < n} respec-
tively, therefore Z° (resp. Z') is concentrated in even (resp. odd) degrees. More-
over dZ° = 0, and if 21, = s~ !(x;,1) and 20,j = s (vj,1) then dz1; =Y ; %&;ZOJ'
We have then proved the following result.

Proposition 13. Let X be a homogeneous space and B=H*(X,Q). Then H,.(LX,Q) =
H.(BNZ°®Z"),dy), where d\Z° =0 and dZ' C Bt @ Z°.

We can therefore apply the just proved Proposition 13 to compute the loop space
homology of homogeneous spaces. We give here two examples.

Example 14. [4, 8, 11] Consider X = CP(n) of which the Sullivan minimal model
is (A(x,y),d), dx =0, dy = x"*1. Therefore

H,(CP(n),Q) = H*(/\x/(x”H) ® A(z1,20n),d), dzon = 0,dz; = (n+ 1)x"22,.
Here z; and 7o, are of respective degrees 1 and 2n. Homology classes are
{szlﬁ,,, xizl,xizlzlﬁn, k>0, 0<j<n—1, 1<i<n}.

Brackets can be computed from the Lie algebra structure of derivations on (A(x,y),d).
For instance {x'z,,x/z2,} = 0, {¥z1,x/20,} = jx* 1 z5,, {lexlzén’leszén} =
+

(i—j)XZ1Xi+jZ§n ! In particular {xz1,X/22,} = jx/22,, hence ad* (xz;) # 0, for k > 1.

Example 15. We consider the Sullivan minimal model of X = Sp(5)/SU(5) which
is given by A = (A(x6,x10, Y11, Y15, Y19, d) with dx; =0, dy11 = xZ, dy15 =Xex10, dy19 =
x%o. The rational cohomology is given by classes of {1,x6,x10,X6Y15 —X10Y11,X10Y15 —

X6Y19,%6(X10¥15 — X6¥19) }-
The loop space homology is computed from the complex

(A® A(z10,214,218,W5,W9),d), dz; = 0,dws = 2x6210 + X10214,
dwg = X6214 + 2X10218-

It contains H*(X) ® A(z10,214,218) /I where [ is the ideal generated by {dws,dwg},
but also xgw; and xjow;. Non zero brackets include

{xews,x6z} = x62¥, {Xewo, X102} = x62f,

{x10ws, X625} = x1028, {210, (Xey15 — X10y11)2F } = —x1028,
{z14, (x6y15 —x10y11)2F } = %625, {z18, (x10Y15 — X6¥19)2F } = —x62.

Hence, for o« = xgws, adfa #0, k> 1. It is the same for B = xjowy.
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